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ON COMPLICATED MODELS OF CONTINUOUS MEDIA
IN THE GENERAL THEORY OF RELATIVITY”

A.G. TSYPKIN

In the context of the general theory of relativity, the system of Euler's
equations is obtained from the variational equation under the assumption
that the Lagrangian of the material depends on supplementary (as compared
with classical theories) thermodynamic parameters, and when possible
irreversible processes are taken into account. It is shown that, for a
thermodynamically closed system, the equations of momenta for a continuocus
medium are a consequence of the field equations. The form of the energy-
momentum tensor of the material is considered when the arguments include
the Lagrangian of the derivatives of the supplementary thermodynamic
parameters.

Let Z' be the coordinates in four-dimensional Riemann space, in which the components of
the metric tensor g;; the coefficients of parallel transfer Puk, and the curvature tensor
Rijx are connected by the equations

ds? = &1 ,dxidr’ (1)
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Ry=Ri;j', R=R,g"

where Ry; are the components of the Ricci tensor, and R is the scalar curvature of the space
(the Ricci scalar). Throughout, the small Latin indices cover the values 1, 2, 3, 4;
summation is performed with respect to repeated sub- and super—-scripts; the signature of the
metric is (+ — — —).

Together with the variables 2z’ in the Riemann space we consider for a solution the
accompanying coordinates &¥, in which fixed values E!, £, E® individualize a point of the
continuous medium; we assume that there is a one-to-one correspondence z' = z' (£') between the
variables,x‘and §ﬂ which is the law of motion of the continuum of the continuous medium.
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In the contex of the general theory of relativity, the dynamic equations for the field
and continuous medium can be obtained by means of the variational equation /1/

8§ Adv, 4 8w+ W =0 @

Ve

dV, = V7 detdatda’dat, g = det | g, |

where dV, is the invariant element of a four-dimensional volume V,, bounded by the three-

dimensional surface Z;, and the Lagrangian A, which is a four-dimensional scalar, is a function
of the following arguments:
i
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where the functions p4 can be either scalars or the components of vectors or tensors of any
rank with any structure of the indices, dependent on the coordinates z'. Here, for simplicity,
we do not include among the arguments covariant derivatives of higher than the first order of
the arguments p4, or covariant derivatives of arguments xf. Given suitable modifications of
the expressions, all our deductions below remain valid for the extended set of arguments.

As the parameters p?t we can choose the tensor characteristics of the electromagnetic
field or the kinematic and thermodynamic characteristics of the continuous medium, e.g., the
deformation tensor, the velocity vector, the entropy, or the temperature; V, denotes the
covariant derivative in the #' coordinate system; KB (8%, K¢ (z*) are the components of
the parametrically specified vectors or tensors in the accompanying t¥ coordinate system and
in the z' coordinate system respectively, which characterize the given properties of the
material and space. Among the tensors K"? are included e.g., the given physical character-
istics of the medium (e.g., the components of the tensors which characterize the anisotropic
properties, the permittivity, or the permeability, etc.). Among the tensors K€, depending on
the model employed, are included the material characteristics, which are assumed to be given
when constructing the model of the continuum and when making hypotheses about the geometry of
the space. For instance, as the parametrically known functions K?(xﬁ, we can choose the
characteristics of the unperturbed electromagnetic field given in the statement of the problem,
or of the given unperturbed gravitational field, when we take the model of a material for
which the energy depends on the field characteristics.

In the context of the models considered below, the arguments u#4 are known functions, as
are fhe components of the metric tensor g”(xx) and the law of motion of the continuous medium
z' (E%).

Consider the fairly general model in which the Lagrangian A is taken in the form

A= —RI2Zx) + V.0 + A, x = 8aGlet 4)

where % is the gravitational constant, G is the Newtonian gravitational constant, ¢ is the
velocity of light in vacuo; the four-dimensional scalar A, is the material Lagrangian, which
depends on the set of arguments (3} (here, by "material™ we mean a set of continuous media
and physical fields, excluding the gravitational field); Q' are the components of the four-
dimensional vector, which is given in the context of the particular model and is a function
of the coordinates I only.

Our future expressions can be extended to the case when the vector compenents Qf also
depend on the set of arguments (3). The physical meaning of Q' was discussed in detail in
/2/. Below, we assume for simplicity that the function A,, which characterizes the thermo-
dynamic state of the material and depends on the set of arguments (3), does not depend on
arUW6x’ and depends on T, only via the argument Veus. (A similar set of arguments, in
which p# were regarded as vector components, and instead of T,;¥ the argument gg,/32 was
taken, was used in /3/).

We shall henceforth consider the simple case of continuous motions and processes, when,
in general, the non-holonomic functional &8W?* of the variational equation has the form

owe = (Mabept — 18151, aV, )
Ve

8y A== dpA -+ 82V ipd — FuBY, 82t

Here, M4 are the components of the generalized forces, whose specification is connected
with the theory of internal dissipative mechanisms in the thermodynamic system used in the
model, ¥ = ¥ are the components of the tensor defining the viscous properties of the
medium, and@ §ut is the absolute variation of the tensor u# components, which, for actual
motions and processes, is the increment of the tensor p# components with respect to the
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accompanying coordinate system; is a combination of Kronecker deltas, whose form can

be established from the relation )
Viud = 0p4/0a" + FiluBrs,

while the variations 8.4;; are given by the equations
Bpgiy= gy + g,Via® + g,V 82

If the thermodynamic system is closed, i.e., there is no force or energy interaction
with other thermodynamic systems, then, by the second law of thermodynamics for actual
processes, we have the eguation

Madip — () 17 drgiy==0

The presence in the variational equation of a non-zero non-hclonomic functional §w* is
in general essential when constructing many models of continuous media and fields. Here, the
set of varied parameters pd in the expression for the functional 8W* may obviously not be
the same as the set of parameters p.A which appear among the arguments of the Lagrangian (3).
It must also be noted that the dependence of the non-~holonomic functional §W* on the absolute
variations of the parameters p® is entirely natural, since, in accordance with its physical
meaning, the parameters p* describe the thermodynamic state of the material, which does not
depend on the choice of coordinates #}. In particular, as will be shown below, given a suitable
choice of parameters p* and of the generalized mass and surface forces M, ,the functional (5)
enables account to be taken of the processes of dissipative heat liberation in the continuous
medium, due to its electrically conducting properties.

Using the expressions for the variations, /4, 5/, the first term of the variational Eq.
{2) can be written as
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Here, ny are the components of the unit outward normal vector to the three-dimensional
surface S and do; is the three-dimensional invariant element of the surface X,

From the condition for thewvolume integral in variational Eq. (2) to vanish, using (5) and
{6} with linearly independent variations agu, 8z, and apfi , we obtain the following system
of Euler equations for the functions g,, (), 2 (&9, pt (=*)%:
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In Egqs.(7), 7% are the components of the symmetric tensor given by

Pomo 2 20aVTH g oV D)
7 *

V=g %,  V—¢ v pa
[/a (F3:8/ + FAl8,") p2e™ — Fiau® (646, + g"‘Gﬂ')l} + b

Egs. (7) define the metric tensor of four~dimensional Riemann space; {8} are the four-
dimensional equations of momenta for the material; (9) can be regarded as the equations of
state, among which, in particular, given a suitable choice of the parameters p,‘, are the
equations of moments for the material.

It must be said that the equations of momenta (8) are obtained under certain special
conditions on the form of the variations of the parametrically specified tensors K~B(th,

K€ (#¥), namely: since, in accordance with our above assumption, the tensors K (8¥) are regarded
as given, the total variations of the components of these tensors are zero

~B __
3k~B =0 (10)

and the partial variations ¢k~F are given by
aKAB-c-—-&tiViK"B
for actual motions, the equation 8X"%=0 in the accompanying ¥ coordinate system is the
condition that the components of the tensor K*? be constant for an individual point of
the continuous medium: dK"P/ds==0, which does not exclude possible spatial inhomogeneity of
the medium, characterized by the tensor K ().
From Egs. {10} we have the expressions for the total variations of the tensor K components

in the s' coordinate system: . ;
0K° = FEt KAV, 82
while for the partial variations of the tensor KC components we have
OKC = — 82’V K€ FL KAV 80t
It can be shown that the equations of momenta (8) retain their form when the arquments
include only the parametrically specified tensors with components with respect to the
accompanying coordinate system K°P (£") = E.B K4 (2"), where E,B are products of the type E;'&,"...
(I&'] is the inverse of the matrix [z;']). We only need to take account of the difference
in the dependence of the function A, on the argument z,‘.
From the condition for the surface integral in variational Eq. (2) to vanish we obtain

W == S( PFrt 4 T*gg,, + THV 8g,; + M 4*8p4) ny doy an
xs

where the quantities P;T, THE 7R prk are given by equations which can be found from (5)
and (6). In particular, given any variations &z' and §&p* on the surface 24, it follows
from (5) and (6) that

P =g RO — V Q%8 + V.0 40} 12)
H
ere, 87&‘: . 5Am z x s X aAm 4
N az!i ¢ ""Am i+ BVkpA V‘p. -+ (13)
A .
MFis — —n paiK

The eqguations that define the integrals in 8W in the well-known classical theories (the
theory of an ideal liquid, the theory of elasticity, etc.} are equations of state. Since
the Lagrangian A, is a four-dimensional scalar, the set of Pi."‘ is a set of components of

a second-rank tensor. The expression for §Wgiven by (11) does not enable the expressions
for the components of the tensors P2;* T*J r® to be uniquely defined. To define the
components of P,."‘ uniquely we need extra assumptions, about which variations of the par-
ameters pt are regarded as independent, and these assumptions are connected with the physical
interpretation of the equations of state. The form of the tensor functions 7%/ ang ¥
likewise cannot be uniquely established, since the quantities dg;; and V,g;; are not
independent on the surface 2XZ,. It was shown in /6/ that, from the expression for §W, there
follow only expressions for certain definite combinations of components of the tensors TI*%
and T%%, resulting from the conditions for the variations dg; and (D/Dn)dg,;) = n*Vidg;,
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on the surface X; to be independent.

As a special case of the general model of a continuum we take the model of a polarized
and magnetized medium in which the dissipative processes are due solely to the liberation of
Joule heat. Assuming that the parameter u* is the component of a four-dimensional vector
potential of the electromagnetic field 4y and that the generalized forces M, are the com-
ponents of the four~dimensional vector of the electric current 7% the functional OW* has
the form

s = § o 4, av,
Ve

and defines the possible liberation of Joule heat in the medium /7/.
We put the lLagrangian Am equal to /7/

1 mn 1 mn
A=l b B H — e BV, A

where U is the total energy density of the medium, L is a term which takes account of the
interaction of the electromagnetic field with the medium, and Fnn and H™® are the components
of the electromagnetic field tensors., We shall henceforth assume that U depends on zj, g
the entropy S,K&"P, and K% while L depends on Fi; and the covariant derivatives VFy; as
well as on the arguments listed.

In the present case, the expression for S§W takes the form

¢ wn b
o = { [o70 4 75,4, ], 25

where the tensor

U L
Bt = “”("é}"}””)"”ik —U8,f 4+ s
can be interpreted as the total energy-momentum tensor of the medium + electromagnetic field
system, and §;* are the components of the Minkowski energy-momentum tensor of the electro-
magnetic field. {In the expressions of the present example we quote only the terms which are
obtained with variation of the arguments 2'; and 4 of the function Am- The complete system
of eguations of mechanics and electrodynamics is similarly obtained in /7/).

when obtaining the system of Euler’'s equations and the expression for the functional §W,
we have not used the condition that the material Lagrangian A be scalar, which enables a
connection to be found between the components of the tensors TH and gv, From the con—
dition for A, to be scalar under any infinitesimal coordinate transformation y* = z' 4 8q' (2)
there follow the equations

. . A s .
9 =T 4 v,[ ™ (Fplg™ — Farg*h 95} = (14)

7]
avut
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which show that, when the set (3) of defining parameters include the arguments V4, where
4 are the components of a vector or temsor of any rank, the components of the tensor v
are asymmetric. CObviously, when V,u4 are not present in the set (3), we see from (l4) that
the tensors 09 and TY are identical.

Consider some consequences of the system of Euler's Egs.(7)~(9) and identities (14}.
From the gravitational field Eqgs.{(7) in the light of Bianchi's identities we obtain the

equations V)Tii = 0 (15)
In view of (13), the equations of momenta {(8) can be given the form
IA
V0 = - A
;] 7oA V.V — V.V
or
N 2A .
Vi8if mRmx;&;ﬁ%F Suog’ (1)

Using the comnection (14) between the tensors 89 and 7Y, we can write Egs, (15) as

V38 == (/) (V.V, — W, 9,) 07 {7
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. o aA . N
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It can be shown that Egs.{16) and (17) are the same, i.e., in the context of the present
model Egs.{(8) of the momenta of the material are a consequence of Egs.{7). This property of
the system of Euler's equations is destroyed if there are terms in §W+ that describe external
spatial interaction of the thermodynamic system with other such systems, but is retained
regardless of the method of specifying the generalized interior surface and mass forces ¥
and M4, corresponding to internal mechanisms of transformation of one type of energy into
another within the thermodynamic system, or of the type of parametrically specified tensors
K78 and KC.

In the above examples of energy dissipation due to the viscous and electrically conduct-
ing properties of the continuous medium and the transformation of non-~thermal into thermal
energy, the equations of material momenta are a consequence of the field equations, regardless
of the chosen type of dependence of the components of the viscous stress tensor T° and of the
four~dimensional current vector I¥ on the defining parameters (3). It must also be noted that,
when account is taken of dissipative effects due to the electrical conduction of the medium,
we have to include in the material Lagrangian the electromagnetic field lagrangian, since
otherwise the Joule heat liberation cannot be regarded as an internal process of one type
of energy transformation into another within a single thermodynamic system.

The above system of Euler's Eqgs.(7)-(9) and the expression for the functional 6W show
that, when constructing complicated models of continuous media in the general theory of
relativity, the question arises of what to call the material energy-momentum tensor. The
equations of momenta for the medium can be written in the form (15) with the aid of the tensor
T”, which is usually called the material energy-momentum tensor. Given any material continuum,
this tensor is symmetric regardless of the choice of model defining parameters. However, it
can be seen from the variational equation that the conditions for strong discontinuities on
the surface {(and also the initial and boundary conditions) are stated for the components,
given by (14), of the tensor PV, which in general is not symmetric and differs from 7TV7 /8/.
The difference is connected, first with the fact that the expression for the Lagrangian A,
may include the divergence term V,Q° which does not affect the form of Euler's Egs.(7) or
of the tensor TV, but changes the form of P¥ (the form of the vector £, and its possible
physical interpretation, are discussed in detail in /9/), and second, with the presence in
the set of arguments (3) of the covariant derivatives V,u4. Everything said above refers to
models of continua with complicated physico-chemical properties. If the covariant derivatives
of the tensor functions p# and the term V Q° are not present in the arguments of the
Lagrangian Ap ,the components of the tensor PU are the same, apart from a factor, as the
components of the Ricci tensor.

When constructing models of a continuum in the context of the special theory of relativity,
with the metric space postulated as a four-dimensional pseudo-Euclidean Minkowski space, the
equations of the momenta for the material (16) can be written in the form V,9,% = 0, as well
as in the form VT, * =0, where the components of the asymmetric tensor &% and of the
symmetric tensor 7" are connected by Egs.(l4), while the boundary conditions are stated for
the components of the asymmetric tensor 6% = pik,
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